We construct simply connected, complete, non-CM C biconservative surfaces in the 3-dimensional hyperbolic space H 3 in an intrinsic and extrinsic way. We obtain three families of such surfaces, and, for each surface, the set of points where the gradient of the mean curvature function does not vanish is dense and has two connected components. In the intrinsic approach, we first construct a simply connected, complete abstract surface and then prove that it admits a unique biconservative immersion in H 3 . Working extrinsically, we use the images of the explicit parametric equations and a gluing process to obtain our surfaces. They are made up of circles (or hyperbolas, or parabolas, respectively) which lie in 2-affine parallel planes and touch a certain curve in a totally geodesic hyperbolic surface H 2 in H 3 .
Introduction
In the last years the theory of biconservative submanifolds proved to be a very interesting research topic (see, for example, [2, 4-6, 12, 20-24] ). Since, in certain geometric contexts, finding biharmonic submanifolds is difficult, the interest in biconservative submanifolds, which generalize the biharmonic ones, has appeared naturally.
The biharmonic maps between two Riemannian manifolds (M m , g) and (N n , h) are characterized by the vanishing of the associated bitension field τ 2 (ϕ) = −∆ ϕ τ (ϕ) − trace g R N (dϕ, τ (ϕ))dϕ, and are critical points of the bienergy functional (see [9] ).
When ϕ : (M m , g) → (N n , h) is an isometric immersion, i.e., M is a submanifold of (N, h), and ϕ is a biharmonic map, we say that M is a biharmonic submanifold. In this case, the biharmonic equation τ 2 (ϕ) = 0 splits into the tangent and normal part (see [1, 11, 18, 19] ). Submanifolds with (τ 2 (ϕ)) = 0 are called biconservative submanifolds.
We note that submanifolds with divergence-free stress bienergy tensor are precisely the biconservative submanifolds (see [10, 11] ).
The biconservative submanifolds were studied for the first time in 1995 by Th. Hasanis and Th. Vlachos (see [8] ). In that paper the biconservative hypersurfaces in the Euclidean space R n were called H-hypersurfaces and were fully classified in R 3 and R 4 .
When the ambient space is a 3-dimensional space form N 3 (c), i.e., a 3-dimensional real space with constant sectional curvature c, it is easy to see that surfaces with constant mean curvature (CM C surfaces) are biconservative. Indeed, a surface ϕ : M 2 → N 3 (c) is biconservative if and only if (1.1) A
where A is the shape operator of M and f = trace A is its mean curvature function.
Therefore, we are interested in biconservative surfaces which are non-CM C, i.e.,grad f = 0 at any point of an open subset of M .
The explicit local parametric equations of biconservative surfaces in R 3 , S 3 and H 3 were determined in [2] and [5] . We mention that, when the ambient space is R 3 , the result in [8] was reobtained in [2] . Also, some global and uniqueness results concerning biconservative surfaces in R 3 and S 3 are given in [14] [15] [16] [17] .
The aim of this paper is to obtain global results concerning non-CM C biconservative surfaces in the hyperbolic space H 3 . We start with a short section where we recall some known properties of biconservative surfaces in N 3 (c) with a nowhere vanishing gradient of the mean curvature function. Then, in Section 3, working in an intrinsic way, we first construct a certain simply connected, complete abstract surface gluing by symmetry along their common boundary two abstract standard biconservative surfaces (see Theorem 3.6) . These abstract standard biconservative surfaces were first determined in [17] but, in order to perform the gluing process, we change the coordinates to write the metric in the most appropriate form for our purpose. Then, we prove (in Theorem 3.10), that the above simply connected, complete abstract surface admits a unique biconservative immersion in H 3 . Moreover, for this immersion, grad f is different from zero on a dense set. We end the section by stating two conjectures. The first one claims the uniqueness of simply connected, complete, non-CM C biconservative surfaces in N 3 (c), and the second one says that any compact biconservative surface in N 3 (c) is CM C.
In Section 4 we basically reobtain Theorem 3.10 by constructing complete, non-CM C biconservative surfaces in H 3 . This construction is done using the images of the explicit parametric equations and a gluing process (see Theorem 4.16) . More precisely, we begin with the known one-parameter family of standard biconservative surfaces with a nowhere vanishing grad f , indexed by a real constant, whose explicit parametric equations were given in [2, 5] . Then, according to the sign of that constant, we obtain three families of complete, non-CM C biconservative surfaces in H 3 .
Conventions. We assume that all manifolds are connected and use the following sign conventions for the rough Laplacian acting on sections of ϕ −1 (T N ) and for the curvature tensor field of N , respectively:
Preliminaries
For the sake of completeness, we present some known results concerning biconservative surfaces in three-dimensional space forms N 3 (c), that will be useful in the following sections.
First, we recall some properties of biconservative surfaces in N 3 (c) with a nowhere vanishing grad f .
). Let ϕ : M 2 → N 3 (c) be a biconservative surface with grad f = 0 at any point of M . Then the Gaussian curvature K satisfies (i)
(ii) f 2 > 0, i.e., c − K > 0, grad K = 0 on M , and the level curves of K are circles in M with constant curvature
where ∆ is the Laplace-Beltrami operator on M .
In particular, it follows that M is orientable and choosing H/|H| as the unit normal vector field, we have f > 0.
From now on, we will assume that any abstract surface is oriented.
Remark 2.2. From (2.1) we can see that the biconservative surfaces are closely related to the Ricci surfaces (see [13] ) and the link between them was studied in [3] .
Next, we present the characterization theorem and an existence and uniqueness result concerning biconservative surfaces in N 3 (c).
Theorem 2.3 ([3]
). Let M 2 , g be an abstract surface. Then M can be locally isometrically embedded in a space form N 3 (c) as a biconservative surface with the gradient of the mean curvature different from zero everywhere if and only if the Gaussian curvature K satisfies c − K(p) > 0, (grad K)(p) = 0, for any p ∈ M , and its level curves are circles in M with constant curvature
where c ∈ R is a fixed constant.
Theorem 2.4 ( [3, 14] ). Let M 2 , g be an abstract surface and c ∈ R an arbitrarily fixed constant. Assume that c − K > 0 and grad K = 0 at any point of M , and the level curves of K are circles in M with constant curvature
Then, locally, there exists a unique biconservative embedding ϕ : M 2 , g → N 3 (c). Moreover, the mean curvature function is positive and its gradient is different from zero at any point.
Next, we give some equivalent conditions with the hypothesis from the above theorem. 3, 15, 17] ). Let M 2 , g be an abstract surface with Gaussian curvature K satisfying c − K(p) > 0 and (grad K)(p) = 0 at any point p ∈ M , where c ∈ R is arbitrarily fixed. Let X 1 = grad K/| grad K| and X 2 ∈ C(T M ) be two vector fields on M such that {X 1 (p), X 2 (p)} is a positively oriented basis at any point p ∈ M . Then, the following conditions are equivalent: (i) the level curves of K are circles in M with constant curvature
(iv) the metric g can be locally written, as g = e 2σ du 2 + dv 2 , where (u, v) are positively oriented local coordinates, and σ = σ(u) satisfies the equation
and the condition σ > 0; moreover, the solutions of the above equation, u = u(σ), are
where σ is in some open interval I, σ 0 ∈ I and a, u 0 ∈ R are constants;
The intrinsic approach
From Theorem 2.3 and Theorem 2.5, we have the following local intrinsic characterization of biconservative surfaces in three-dimensional space forms, and in particular in the hyperbolic space H 3 (c = −1). That is, if we consider an abstract surface M 2 , g with −1 − K(p) > 0 and (grad K)(p) = 0 at any point p ∈ M , then locally it admits a (unique) biconservative immersion in H 3 with a nowhere vanishing gradient of the mean curvature, if and only if, locally, the metric g can be written as g(u, v) = e 2σ(u) du 2 + dv 2 , where σ (u) = 0, for any u, and u = u(σ) is given by
With the new coordinates (σ, v) the metric g can be locally written as
and we have a one parameter family of such metrics. In order to find a more convenient expression for the metric g, we will change the coordinates twice. First we take (σ, v) = log 3 3/4 /ξ , v , ξ > 0. Denoting
The second change of coordinates is given by (ξ, v) = ξ, θ/3 3/4 , and we have
where C −1 , θ ∈ R and ξ is positive and belongs to an open interval such that −ξ 8/3 + C −1 ξ 2 + 3 > 0. In order to determine the largest interval for ξ, we define the function T : (0, ∞) → R such that T (ξ) = −ξ 8/3 + C −1 ξ 2 + 3
and we try to find where T is positive. By some standard computations, we come to the following three cases:
• if C −1 > 0, we get that there exists a unique point ξ 01 depending on C −1 , ξ 01 > (3C −1 /4) 3/2 such that the function T vanishes at this point, T (ξ) > 0 for any ξ ∈ (0, ξ 01 ) and T (ξ) < 0 for any ξ ∈ (ξ 01 , ∞).
• if C −1 < 0, one obtains that there exists a point ξ 01 > 0 (we keep the same notation for the vanishing point) such that the function T vanishes at this point and T is positive on the interval (0, ξ 01 ). • if C −1 = 0, one gets that there exists a point ξ 01 = 3 3/8 such that the function T vanishes at this point and T is positive on (0, ξ 01 ). Therefore, in all cases, we have,
and we get the following result. 14, 17] ). Let M 2 , g(u, v) = e 2σ(u) du 2 + dv 2 be an abstract surface, where u = u(σ) is given by
where a and u 0 are real constants and I is an open interval. Then M 2 , g is isometric to
where C −1 is a real constant and ξ 01 is the positive vanishing point of −ξ 8/3 + C −1 ξ 2 + 3.
Remark 3.2. We call the surface D C −1 , g C −1 an abstract standard biconservative surface, and, in fact, we have a one-parameter family of abstract standard biconservative surfaces indexed by C −1 .
Remark 3.3. We note that
and therefore, the metric g C −1 blows up at the boundary given by ξ = 0 and ξ = ξ 01 .
The surface D C −1 , g C −1 is not complete since the geodesic θ = θ 0 cannot be defined on the whole R but only on a half line, and by standard computations it can be proved that its Gaussian curvature is given by
As the metric g C −1 is not complete, in order to obtain a complete one, denoted byg C −1 , or simplyg, we will change the coordinates again and then glue, in a simple way, two (isometric) metrics g C −1 . So, if we consider the change of coordinates given by (ξ, θ) = (ξ(ρ), θ), one obtains
where ξ = ξ(ρ) is the inverse function of ρ,
ξ 00 being an arbitrarily fixed constant in (0, ξ 01 ).
We are allowed to consider the above change as ρ is a strictly decreasing function. Moreover, we have the following lemma. 
where ρ 1 is a negative real constant.
Proof. In order to compute the first limit, we change the variable τ = 1/τ in the integral
and obtain
In order to compute the second limit, we first note that ρ(ξ) is negative for any ξ ∈ (ξ 00 , ξ 01 ) and
We have that that lim ξ ξ 01 ρ(ξ) is finite if and only if
To prove this, we rewrite the function T as
where α 0 is a continuous function such that lim ξ ξ 01 α 0 (ξ) = 0 and
Then, we have lim ξ ξ 01
and we come to the conclusion that lim ξ ξ 01
Denotingh(ρ) = 1/ξ(ρ), the metric g C −1 can be rewritten as
We can obtain a simpler form of the domain, i.e., (0, ∞) × R, considering a new change of coordinates given by (ρ, θ) = (ρ(ω) = ω + ρ 1 , θ). Therefore, we have
Remark 3.5. We note that lim
and thus, the metric g C −1 can be smoothly extended to the boundary ω = 0.
As the limit of the function h when ω approaches 0 is 1/ξ 01 = 0, it is easy to see that [0, ∞) × R, g C −1 can be viewed as a surface with boundary.
In order to obtain a complete surface, we extend the surface (0, ∞) × R, g C −1 by "symmetry" with respect to its boundary and get the following result.
Proof. By some standard computations it is easy to verify that the function Γ is at least of class C 3 . In order to prove that the metricg C −1 is complete, we first note that Γ(ω) ≥ 1/ξ 01 , for any ω ∈ R, and then consider the metric
where m 0 is the minimum between 1/ξ 2 01 and 1. As the metricg 0 is complete andg C −1 −g 0 is non-negative at any point of the surface, it follows thatg C −1 is complete (see [7] ).
Remark 3.7. Since gradK (0, θ) = 0, for any θ ∈ R, whereK is the Gaussian curvature of R 2 ,g C −1 , it follows that ∇ ∂ ∂θ ∂ ∂θ = 0 along the boundary of (0, ∞) × R, g C −1 and therefore this boundary becomes a geodesic in R 2 ,g C −1 .
Remark 3.8. A similar construction is also possible when c = 0 or c = 1. In the first case, in order to obtain an abstract complete biconservative surface we glue two abstract standard biconservative surfaces, and in the second case, the gluing process must be performed infinitely many times. In fact, for c = 0 we will reobtain Theorem 4.1. from [15] (where the complete surface was obtained by working with isothermal coordinates), and for c = 1 we will reobtain Proposition 4.17. from [15] (where the main idea was that the abstract standard biconservative surface is isometric to a certain surface of revolution in the 3-dimensional Euclidean space R 3 ).
We also note that, since the Gaussian curvature of the complete surface R 2 ,g C −1 satisfies (gradK C −1 )(0, θ) = 0, for any θ ∈ R, the existence of a (non-CM C) biconservative immersion from R 2 ,g C −1 in H 3 is not guaranteed. So, our aim is to construct such an immersion.
For the sake of simplicity, we will omit writing the index C −1 in the following construction. Let us denote by
It is easy to see that the Gaussian curvatures of the above two surfaces are given by
and their derivatives are equal to
be two vector fields defined on (0, ∞)×R, respectively on (−∞, 0)×R. Clearly, as 1 K > 0, one obtains:
Clearly, the vector field X 1 is given by X 1 = ∂ ∂ω on R 2 . Now, the vector field X 1 determines uniquely the global vector field X 2 by asking {X 1 (ω, θ), X 2 (ω, θ)} to be a positive orthonormal frame field in R 2 ,g , for any (ω, θ) ∈ R 2 . Obviously,
Further, we have the following properties of X 1 and X 2 . Proposition 3.9. Let R 2 ,g the above complete surface. Then, the Gaussian curvaturẽ K of R 2 ,g satisfies −1 −K > 0 at any point, and the vector fields X 1 and X 2 defined above, satisfy on R 2
Proof. We recall that the surface (0, ∞) × R, 1 g has the following properties: −1− 1 K > 0, grad 1 K = 0 at any point, and on (0, ∞) × R one has
It is easy to see that (−∞, 0) × R, 2 g has the same properties as (0,
From the definition of X 1 and X 2 , we note that, on R * × R, we have (3.5)
K being the Gaussian curvature of R 2 ,g . Then,
Moreover, −1 −K > 0 on R 2 and all the objects defined in (3.5) are, in fact, defined on R 2 , and they are at least continuous. So, passing to the limit when ω approaches 0 we obtain that (3.5) holds on whole R 2 . Now, we can state the following existence and uniqueness result. Proof. First, we note that, from Proposition 3.9, we have that the vector fields X 1 and X 2 on R 2 , previously defined, satisfy (3.5) on R 2 . In order to prove the existence of a biconservative immersion Φ :
We will prove that A satisfies the Gauss and the Coddazi equations. Since the matrix of
it is easy to see that det A = 1 +K, i.e., the Gauss equation is satisfied, and
By some direct computations, also using (3.5), one obtains that
i.e., the Codazzi equation. Therefore, from the fundamental theorem of surfaces in H 3 , it follows that there exists an unique isometric immersion Φ : R 2 ,g → H 3 such that A is its shape operator. Moreover, the operator A satisfies
which shows that Φ is biconservative. Further, we will prove the uniqueness of biconservative immersions from R 2 ,g in H 3 . Let Φ 1 and Φ 2 two biconservative immersions from R 2 ,g in H 3 . Obviously, Φ 1|(0,∞)×R and Φ 1|(−∞,0)×R are biconservative, and therefore using Theorem 2.4, it follows that grad f = 0 on ((0, ∞) × R,g) and on ((−∞, 0) × R,g) and these restrictions are unique (up to isometries of H 3 ).
It follows that there exist two isometries 1 F and 2 F of H 3 , which preserve the orientation, such that
By continuity, one obtains that 1 F and 2 F coincide along the curve θ → Φ 1 (0, θ), for any θ ∈ R. By a straightforward computation, we have
where θ 0 ∈ R is a given number.
We note that
and, again by continuity, we have
It follows that
7)
From equations (3.6) and (3.7), it is clear that 1 F * ,Φ 1 (0,θ 0 ) and 2 F * ,Φ 1 (0,θ 0 ) coincide on Φ 1 * ,(0,θ 0 ) R 2 . As 1 F and 2 F preserve the orientation of H 3 , it results that 1 F * ,Φ 1 (0,θ 0 )
and therefore, since 1 F and 2 F also agrees at least at one point, we come to the conclusion. Remark 3.11. Similar results can be proved when c = 0 or c = 1. In fact, the existence part of these theorems were, essentially, already obtained in Theorem 4.1 and in Theorem 4.18 from [15] , respectively, by a direct construction.
We end this section with the following conjectures. If the Conjecture 1 is true for N 3 (c), the Conjecture 2 is also true for c = 0 and for c = −1 (as we will see in the next section) by considering the universal cover and taking into account that the corresponding biconservative immersion is not double periodic. The only interesting case is c = 1, where the domain quotients to a non-flat torus but it is not clear if the immersion is double periodic.
We note that the above conjectures were positively answered when the target manifold is the three-dimensional Euclidean space R 3 and ϕ is an embedding (see [14, 16] ). Using the same technique, we expect the same kind of results to hold, i.e., if ϕ : M 2 , g → H 3 is an embedding and M is complete, then ϕ(M ) is one of the complete biconservative surfaces constructed extrinsically in the next section.
The extrinsic approach
The aim of this section is to construct complete, non-CM C biconservative surfaces in H 3 . The idea is to glue the images of two standard biconservative surfaces (the abstract domain of the two parametrizations remains the same), reobtaining basically, in an extrinsic way, the existence part of Theorem 3.10.
For the sake of completeness, we firs present some local extrinsic properties of biconservative surfaces. 
In the same paper [2] , it was proved that, from equation (4.1), it follows that there exists a positively oriented local chart (U ; u, v) such that f = f (u, v) = f (u) satisfies the following ODE: Next, we work in the 3-dimensional hyperbolic space H 3 , i.e., c = −1. As there exist several models for the hyperbolic space, in this paper we will consider, in each particular situation, the most appropriate model in order to obtain a complete biconservative surface.
We note that a local extrinsic characterization of biconservative surfaces in H 3 was given in [2] where the authors considered the hyperboloid model of H 3 . Let us recall that the Minkowski space R 4 1 is given by R 4 1 = R 4 , ·, · , where ·, · is the bilinear form
The hyperboloid model is
x, x = −1 and x 4 > 0 , that is the the upper part of the hyperboloid of two sheets. It is well known that the Levi-Civita connections ∇ of R 4 1 , and ∇ H 3 of H 3 , are related by
Further, let ϕ : M 2 → H 3 be a connected, oriented biconservative surface where on H 3 we considered the Riemannian metric induced by the pseudo-Riemannian metric on R 4
1 . If we assume that grad f is nowhere vanishing and consider the global orthonormal frame field in H 3 along M , {X 1 = grad f /| grad f |, X 2 , η}, then the Levi-Civita connection ∇ on M, is given by
Using Gauss formula for M in H 3 , (1.1) and (4.5), by a straightforward computation we obtain (4.6)
and then, using Gauss formula for H 3 in R 4 1 and (4.4) we get (4.7)
The classification of biconservative surfaces in H 3 will be done with respect to the sign of
From Theorem 2.1 we have that
and, therefore
where K is the Gaussian curvature of M . It is known that the biconservative surface M 2 , ϕ * , is isometric to a unique abstract standard biconservative surface D C −1 , g C −1 defined in the previous section. So, to M 2 , ϕ * , it corresponds a unique constant C −1 . Since the Gaussian curvature of D C −1 , g C −1 and its gradient are given in (3.1) and (3.2), by a straightforward computation one obtains an equivalent expression of W ,
Therefore, the classification of biconservative surfaces in H 3 will be done according the sign of the real constant C −1 . As the gluing process will be done along the boundary given by ξ = ξ 01 , we get from the above relation that we can glue only two standard biconservative surfaces corresponding to the same constant C −1 .
We denote by κ 2 = |W |, i.e., κ 2 is the curvature of integral curves of X 2 . If κ 2 > 0, let us consider
and if κ 2 = 0, i.e., W = 0, let us denotẽ
We note that N 2 ,Ñ 2 ∈ C(T R 4 1 ), |N 2 | = 1 and Ñ 2 = 0 . It is easy to see that X 2 f = 0 and
By a straightforward computation one obtains X 2 κ 2 = 0, i.e., the integral curves of X 2 are circles.
In order to compute ∇ X 1 N 2 , ∇ X 2 N 2 , ∇ X 1Ñ 2 and ∇ X 2Ñ 2 , we first consider the orthonormal frame field {X 1 , X 2 , η, x} in R 4 1 along M . Then, one has
As X 2 f = 0 and X 2 (X 1 f ) = 0, it follows that ∇ X 2Ñ 2 = 0. Further, we consider the global problem and construct complete biconservative surfaces in H 3 with grad f = 0 at any point of an open dense subset by using an extrinsic approach.
We will begin with a local extrinsic characterization of biconservative surfaces in H 3 , which has been found in [2] . These biconservative surfaces are called standard biconservative surfaces and, in order to reach our objective, we will glue two such surfaces.
As we have already announced, we will classify the biconservative surfaces in H 3 with respect to the sign of the constant C −1 .
Case
First, we recall the local extrinsic characterization of biconservative surfaces in H 3 . , is isometric to the abstract standard biconservative surface D C −1 , g C −1 , and the link between the constants C −1 andC −1 is
Therefore, the above parametrization XC −1 gives a one-parameter family of biconservative surfaces with grad f nowhere vanishing indexed byC −1 . 1 . The standard biconservative surface is "a surface of revolution" in R 4 1 whose profile curve is σ = σ(u) which lies in R 3 1 . We also note that the immersion XC −1 is, in fact, an embedding and the profile curve σ does not have self-intersections; thus the image of XC −1 is a regular surface in H 3 . Therefore, in order to glue two standard biconservative surfaces in R 4 1 , it is enough to glue two profile curves defining them, in this way obtaining a complete biconservative regular surface in H 3 .
Our strategy is as follows: we reparametrize the profile curve σ in a more convenient way and get σ = σ(κ), then, since the gluing process of the curves σ implies all its components (three components) it is more convenient to chose another model for H 3 (the upper half space) such that, after that transformation, the curve σ would have two components. After the gluing process is performed, we will obtain a closed regular curve in the upper half plane and therefore, we will get a closed biconservative regular surface in H 3 which has to be complete.
In the same paper [2] , it was proved that κ 2 = 3 C −1 κ 3/4 /4 where κ is the geodesic curvature of σ in H 2 given by κ(u) = f (u)/2 and κ 2 is the curvature of integral curves of X 2 , using the same notations as in the previous section.
Choosing c 1 = e 1 and c 2 = e 2 , where {e 1 , e 2 , e 3 , e 4 } is the canonical basis of R 4 1 , the curve σ can be rewritten as
for some functions x = x(u) and y = y(u) which are solutions of the following system (4.10)
These equations are obtained from the relations σ(u) ∈ H 3 , |σ (u)| 2 = 1 and |σ (u)| 2 = κ 2 (u) − 1, for any u. We can also assume that the function y is a positive function as σ lies in H 3 .
In order to prove that there exists a curve σ satisfying (4. .
Since κ(u) > 0, for any u, we can think u = u(κ), so R = R(κ), µ = µ(κ) and then, by a straightforward computation, we get from the second equation of (4.10) for any κ ∈ (0, κ 01 ), where κ 01 is the positive vanishing point of 16κ 2 /9 − 16κ 4 +C −1 κ 7/2 , 16κ 2 /9 − 16κ 4 +C −1 κ 7/2 > 0, for any κ ∈ (0, κ 01 ), κ 01 > 3C −1 2 /2 12 , and κ 00 is arbitrarily fixed in (0, κ 01 ). Now, it is easy to see that the first two equations of (4.10) imply the third one. The following lemma can be easily proved using similar arguments as in the proof of Lemma 3.4. . Therefore, we can rewrite
for any (κ, v) ∈ (0, κ 01 ) × R.
In order to obtain a complete biconservative surface in H 3 , first we reparametrize the profile curve σ as we announced earlier. Through the standard diffeomorphism from hyperboloid model to upper half space model. Choosing appropriate values of the constant c 0 and of the sign in the expression of µ(k), we can find two profile curves σ 1 and σ 2 such that we can glue them smoothly.
So, let us consider the following two curves
i.e., we take, for the sake of simplicity, c 0 = 0 and the sign "+" in (4.12), and then , i.e., we take c 0 = 2µ 0,1 and the sign "-" in (4.12). If we choose a different value for c 0 and a different sign in (4.12), then the new curve σ 2 cannot be glued at the C 1 smoothness level with σ 1 .
It is easy to see that lim κ κ 01
Let us denote by .
It is easy to see that x 1 (κ) > 0 in a neighborhood of κ 01 , (κ 01 − ε, κ 01 ). If we denote by x 0,1 = lim κ κ 01 x 1 (κ) and x 0,−1 = lim κ κ 01 −ε x 1 (κ), it follows that there exists the inverse function x −1 1 = κ 1 : (x 0,−1 , x 0,1 ) → (κ 01 − ε, κ 01 ). So, we can consider y 1 = y 1 (x) and by a straightforward computation one obtains lim x x 0,1
Similarly, we denote by .
It is easy to see that x 2 (κ) < 0 in a neighborhood of κ 01 , (κ 01 − ε, κ 01 ). Since lim κ κ 01 x 2 (κ) = x 0,1 and denoting by x 1,−1 = lim κ κ 01 −ε x 2 (κ), it follows that there exists the inverse function x −1 2 = κ 2 : (x 0,1 , x 1,−1 ) → (κ 01 − ε, κ 01 ). So, we can also consider y 2 = y 2 (x) and to glue σ 1 and σ 2 at the C 1 smoothness level means that y 1 = y 1 (x) and y 2 = y 2 (x) yield a C 1 smooth function around x 0,1 . We note that this is equivalent to the fact that σ 1 and σ 2 have the same tangent space at the gluing point.
By a straightforward computation one obtains lim x x 0,1
One can also show that the second and the third derivative of y 1 exist at x 0,1 . Thus, gluing the two curves σ 1 and σ 2 , we obtain at least a C 3 smooth curve. Moreover, the curve obtained by the gluing process is a closed regular curve in the upper half plane and therefore, we get a closed biconservative regular surface in H 3 which has to be complete. In Figure 1 we represent the curves σ 1 and σ 2 , with the colors red and blue, respectively, for the constantC −1 = 1, and in Figure 2 we represent the corresponding surfaces to σ 1 and σ 2 in the upper half space (with the Euclidean metric). Remark 4.8. Now it is not difficult to give the explicit expression of the biconservative immersion F in Theorem 3.10. Moreover, if we want to use Theorem 3.10 in the gluing process, then it is enough to assure that the gluing process in at least of C 1 smoothness as, once the first standard biconservative surface is fixed, the C 1 gluing process determines uniquely the second standard biconservative surface (the sign "+" or "-" and the constant c 0 in (4.12)). As the two standard biconservative surfaces give F , the gluing process is in fact at least of the class C 3 .
First, we recall a local extrinsic result which provides a characterization of biconservative surfaces in H 3 when C −1 < 0. , is isometric to the abstract standard biconservative surface D C −1 , g C −1 , and the link between the constants C −1 andC −1 is
Remark 4.11. We note that the biconservative surface defined by XC −1 is made up of (branches of) "hyperbolas" which lie in 2-affine planes parallel with the 2-plane spanned by c 1 and c 2 , and whose vertices belong to the curve σ. The surface is invariant under the actions of the 1-parameter group of isometries of R 4 1 with positive determinant, which acts on the Minkowski 2-plane spanned by the constant vectors c 1 and c 2 . In fact, the 1-parameter group of isometries that acts on M represents the flow of the Killing vector field XC −1 ,v which can be seen as a restriction to M of the following Killing vector field on R 4 1 Z (r) = − r, c 2 c 1 + r, c 1 c 2 , r being the position vector of a point in R 4 1 . Remark 4.12. We note that we slightly corrected the expression of the above local parametrization: the multiplicative coefficient in formula (44), in the original paper [2] , should be 2 √ 2/ 3 √ −Ck(u) 3/4 and not 4/ 3 √ −Ck(u) 3/4 .
As in the first case, it can be shown that κ 2 = 3 −C −1 κ 3/4 /4 where κ is the geodesic curvature of σ in H 2 given by κ(u) = f (u)/2 and κ 2 is the curvature of integral curves of X 2 . Choosing
where {e 1 , e 2 , e 3 , e 4 } is the canonical basis of R 4 1 , the curve σ can be rewritten as
for some functions x = x(u) and y = y(u) that have to be solutions of the system
In order to prove that there exists a curve σ which satisfies (4.15), let us consider the change of coordinates .
Further, it is easy to see that 16κ 2 /9 − 16κ 4 +C −1 κ 7/2 > 0, for any κ ∈ (0, κ 01 ) where κ 01 > 0 is the positive vanishing point of the function 16κ 2 /9 − 16κ 4 +C −1 κ 7/2 , forC −1 a negative fixed scalar. Then, it is clear that 16 + 9C −1 κ 3/2 > 0, for any κ ∈ (0, κ 01 ). Using this inequality and (4.16) it is possible to verify that the change of coordinates is correct, i.e., R(u) sin(µ(u)) + 4 √ 2 / 3 −C −1 κ 3/4 (u) > 0, for any u ∈ I.
In this case, our strategy is similar to that used in the previous case: in order to obtain a complete biconservative surface in H 3 , we will glue two standard biconservative surfaces and for this it is enough to glue the two "profile curves" defining them. We will obtain a closed regular curve in the upper half plane, so a closed biconservative surface in H 3 .
First, we reparametrize the profile curve σ in a more convenient way and choose the appropriate model for H 3 (the upper half space). Since κ(u) > 0, for any u, we can consider u = u(κ), so R = R(κ), µ = µ(κ) and then, by a similar computation as in the C −1 > 0 case, we get and then µ(κ) = ±µ 0 (κ) + c 0 . We will also preserve the same notations for the limits of µ 0 in 0 and in κ 01 , i.e.,
where µ 0,−1 ∈ (−∞, 0) and µ 0,1 ∈ (0, ∞). Thus, the explicit expression of the profile curve σ is
for any κ ∈ (0, κ 01 ), where µ is given in equation (4.17) and
. and therefore, .
In order to find two curves that we will glue such that the gluing process to be smooth (in fact, at least of class C 3 ), we make the same choices of the constant c 0 and of the sign in (4.17), as in C −1 > 0 case, so let us consider .
By computations similar to the first case, we can see that gluing the two curves σ 1 and σ 2 , one obtains at least a C 3 smooth curve. Moreover, this is a closed regular curve in the upper half plane, so the corresponding biconservative surface is a closed one in H 3 .
In Figure 3 we represent the curves σ 1 and σ 2 , with the colors red and blue, respectively, for the constantC −1 = −1, and in Figure 4 we represent the corresponding surfaces to σ 1 and σ 2 in the upper half space (with the Euclidean metric). We mention that a local extrinisic characterization of biconservative surfaces when C −1 = 0 is given in [5] . However, using a similar technique as in [2] , we prove the following local extrinsic result concerning biconservative surfaces in H 3 when C −1 = 0. Proof. Let γ be an integral curve of X 2 parametrized by arc-length and
where X 1 , X 2 andÑ 2 are defined in the previous section. Then, as
whereÑ 2 (s) =Ñ 2 (γ(s)), and ∇ X 2Ñ 2 = 0, it follows that
Therefore, γ can be parametrized by γ(s) = 1 2 a 1 s 2 + a 2 s + a 3 , a 1 , a 2 , a 3 ∈ R 4 1 with a 1 , a 1 = 0, a 2 , a 2 = 1, a 1 , a 2 = 0. Let p 0 ∈ M be an arbitrary point, and σ = σ(u) be an integral curve of X 1 , with σ(0) = p 0 . Considering the flow φ of the vector field X 2 around the point p 0 , i.e., φ σ(u) (v) = X 2 φ σ(u) (v) , we obtain φ σ(u) (s) = 1 2 a 1 (u)s 2 + a 2 (u)s + a 3 (u), for any u ∈ (−δ, δ) and for any s ∈ (−ε, ε), where the functions a 1 , a 2 and a 3 satisfy a 1 (u), a 1 (u) = 0, a 2 (u), a 2 (u) = 1, a 1 (u), a 2 (u) = 0, u ∈ (−δ, δ).
Then, the surface can be locally parametrized by
Integrating the above equation, one gets a 1 (u) = c 3 f 3/4 (u), where c 3 ∈ R 4 1 . As a 1 , a 1 = 0, it follows that the constant vector c 3 satisfies c 3 , c 3 = 0. Denoting c 1 = c 3 /2 ∈ R 4 1 and c 2 = a 2 ∈ R 4 1 , the local parametrization of M can be rewritten as X(u, v) = σ(u) + f 3/4 (u)v 2 c 1 + vc 2 , u ∈ (−δ, δ), v ∈ (−ε, ε),
where |c 1 | = 0, |c 2 | = 1, c 1 , c 2 = 0 and σ(u), c 1 = − 1 2f 3/4 (u)
, σ(u), c 2 = 0.
We note that the curve σ is parametrized by arc-length and, as a curve in H 2 = H 3 ∩ Π, where Π is the linear hyperspace of R 4 1 defined by r, c 2 = 0, has the geodesic curvature κ(u) = f (u)/2 > 0, for any u ∈ (−δ, δ).
Since f (u) = 2κ(u), from (4.21) one gets
with κ(u) ∈ (0, 1/3), for any u ∈ (−δ, δ). Now, it is easy to see that κ = 0, and the solution of the above equation is given by
Remark 4.14. We note that the surface M 2 , X * , is isometric to the abstract standard biconservative surface (D 0 , g 0 ), that means C −1 = 0.
Remark 4.15. We note that the biconservative surface defined by XC −1 is a "parabola" which lies in a 2-affine plane parallel with the 2-plane spanned by c 1 and c 2 , and its vertex belongs to the curve σ. In order to show that the limit of µ 0 as κ approaches 1/3 is finite, we note that lim κ 1/3 µ 0 (κ) = µ 0,1 ∈ (0, ∞).
As in the previous cases, our aim is to find two profile curves of the standard surfaces and glue them at least of class C 3 in order to obtain a closed regular curve in the upper half plane, which would define the complete biconservative surface in H 3 . Considering the curves σ 1 and σ 2 given by σ 1 (κ) = µ 0 (κ), κ 3/4 2 3/4 κ 3/2 + µ 2 0 (κ)
, σ 2 (κ) = 2µ 0,1 − µ 0 (κ), κ 3/4 2 3/4 κ 3/2 + (2µ 0,1 − µ 0 (κ)) 2
, that means we choose c 0 = 0 and the sign "+", and c 0 = 2µ 0,1 and the sign "-", respectively in (4.24), by a direct computation we can see that gluing the curves σ 1 and σ 2 , we obtain at least a C 3 smooth closed curve in the upper half plane. We note that the immersion X is in fact an embedding and the profile curve has no self-intersections. Therefore, we get a closed biconservative surface in H 3 , which has to be complete. In Figure 5 we represent the curves σ 1 and σ 2 , with the colors red and blue, respectively, and in Figure 6 we represent the corresponding surfaces to σ 1 and σ 2 in the upper half space (with the Euclidean metric). Figure 5 . The profile curves Figure 6 . The corresponding surfaces σ 1 and σ 2 to σ 1 and σ 2 We can conclude with our last theorem. Theorem 4.16. By gluing two standard biconservative surfaces along their common boundary we get a complete biconservative regular surface in H 3 . Moreover, the gradient of its mean curvature vanishes along the initial boundary which now is a geodesic of the surface.
